We investigate local magnetic moments formation and electronic transport in the quadruple quantum dot (QQD) ring, coupled to leads, with moderate Coulomb interaction on quantum dots. We apply the non-equilibrium functional renormalization group approach and consider particular case of the so called diagonal asymmetry of hoppings between the dots, which allows us to access different local moment regimes. We find that depending on the parameters of the QQD system the regimes with zero, one, or two local magnetic moments in the ring can be realized. It is shown that the local magnetic moments, which exist in the equilibrium, remain stable in a wide range of bias voltages near equilibrium. The destruction of the local magnetic moments with increasing bias voltage is realized in one or two stages, depending on the parameters of the system; for two-stage process the intermediate phase possesses fractional magnetic moment. We present results for the current-voltage dependences and the differential conductances of the system, which exhibit sharp features at the transition points between different magnetic states. The occurrence of interaction induced negative differential conductance phenomenon is demonstrated and discussed.
I. INTRODUCTION
Quantum dots are nano-scale crystals, which have a discrete energy spectrum and for this reason often referred to as artificial atoms. Systems based on quantum dots are potentially important for nanoelectronic and spintronic applications due to the possibility of changing their charge and spin states in a controlled way. To date, most of theoretical studies have been focused on systems consisting of a small number of quantum dots (or energy levels), while less attention has been paid to a multi-dot (multi-level) systems. Nevertheless, due to the large number of variable parameters and kinds of topologies of these systems, the multi-dot systems can demonstrate novel regimes. In particular, they can show non-trivial interplay of fundamental effects (e.g., Fano and Kondo effects [1, 2] ), and which are not observed in simple quantum dot systems.
An especially rich physics emerges when the geometry of the system allows electron tunneling through closedloop geometries. Many fundamental effects such as Fano resonances [3] [4] [5] [6] , Aharonov-Bohm oscillations [6] [7] [8] [9] , Kondo behavior [1, [10] [11] [12] and corresponding quantum phase transitions [13] [14] [15] [17] [18] [19] [20] have been found in these systems. These effects were investigated [6, 11, [20] [21] [22] in quadruple quantum dot (QQD) ring system, which can be prepared experimentally in various ways [20, 23, 24] . This system demonstrates a rather rich phase diagram with the possibility of controlling spin states of electrons [25] , making it promising for the development of spintronic devices. It was also shown that spin-polarized electron transport [26] [27] [28] [29] , e.g. generated by tuning the energy levels or hopping matrix elements of the system with only the help of the Zeeman splitting of the levels in an external magnetic field [26, 27] , can be achieved in this structure. On the other hand, various spin states found for the isolated QQD [25] imply a possibility of different magnetic moment states in the QQD system connected to the leads even in the absence of the (or in the infinitesimal) magnetic field.
The quantum phase transitions (QPTs) between various magnetic moment states were recently investigated in systems with ring geometries (in particular, parallel quantum dots) in Refs. [13-17, 30, 31] . It was shown that these systems even for moderate values of Coulomb interaction may demonstrate the interaction-induced QPTs to the so-called singular Fermi liquid (SFL) state, associated with the presence of the local magnetic moment in one of the states (so called "odd" state), which is weakly hybridized or decoupled from the conduction bands (leads). The SFL state remains stable in a wide range of gate voltages near half filling and at some critical gate voltage undergoes QPT into paramagnetic state without local moments. The type of the QPTs and peculiarities of the electron transport at the transition strongly depend on the type of the system symmetry, as well as on the number of energy levels. In particular, for the parallel double quantum dot system it was found that depending on the symmetry of the system it can demonstrate either a first-order QPT to SFL state, accompanied by a discontinuous change of the conductance or the secondorder QPT, in which the conductance is continuous and exhibits Fano-type asymmetric resonance near the transition point [31] . In both cases, the conductance reaches almost unitary limit in the SFL phase. Therefore, the QPTs to SFL state have a significant impact on the electron transport.
In this respect, a study of the possibility of the formation of local magnetic moments in QQD system, their connection with the transport properties of the system, and evolution under the non-equilibrium conditions represents an important and almost unexplored issue. As described above, the QQD systems can have non-trivial relations between the QPTs and electron transport properties. At the same time, they represent more realistic systems in comparison to previously studied parallel quantum dots, and show reacher set of physical effects due to possibility of variation of more physical parameters. Although paramagnetic solution self-energies of QQD were studied in [27, 32, 33] , they do not give sufficient information on the formation of local magnetic moments. In addition, such effects, closely related to the spin state, as the emergence of new symmetries, the Coulomb and spin blockade, etc., discussed previously in similar systems, are expected for the QQD system.
Only a limited number of studies have been done also on the non-equilibrium effects in the QQD systems and mainly focused on the effects of the spinpolarization, magnification and circulation of the persistent current [34, 35] , as well the current oscillation phenomena. The current-voltage (J −V ) characteristics have been investigated in some particular cases [28, 33, 36] , including a possibility of negative differential conductance (NDC) effects [33] , analogous to those previously found for parallel quantum dots [12, [37] [38] [39] [40] . These studies however did not investigate in detail the possibility and effects of local moment formation, e.g. away from equilibrium. From practical point of view, it is also interesting to consider whether it is possible to obtain highly spin-polarized current due to the energy difference of the spin-up and -down states, are caused by the transition to the magnetic moment state, even in an infinitesimal magnetic field without the spin-orbit interaction.
The electron-electron interaction plays an important role in above described phenomena. In particular, the interaction is a crucial component for the appearance of the QPTs, formation of the local magnetic moments and origin of the NDC effects in the system. In the present paper we use functional renormalization group (fRG) approach [41] [42] [43] [44] to study the possibility of formation of the local magnetic moments and the non-equilibrium electron transport in the QQD system coupled to two electron reservoirs -leads. The considered method represents the generalization of the fRG approach to the Keldysh space [43, 44] and allows one to reformulate an interacting problem in terms of coupled differential equations for irreducible vertex functions, which, after several approximations, can be easily integrated even for complex systems. Among other methods, the non-equilibrium fRG approach has some significant advantages: it does not require significant computational resources and results of its implementation even in the simple approximation, taking into account only the flow of the self-energy, are consistent with the ones obtained through more elaborate methods deal with non-equilibrium situations [45] . Recently, this method has been successfully applied to several quantum dot systems [45] [46] [47] [48] [49] and the comparative study to other numerical and semi-analytical methods has been done [45, 50] . This provides the possibility for applying the non-equilibrium fRG approach to more complex quantum dot systems in non-equilibrium situations and this method is used in the current work.
In the present paper we consider both, equilibrium and non-equilibrium regimes of the QQD system. In equilibrium, we show that depending on the geometry of the QQD system the regimes with zero, one, and two local magnetic moments can be realized. We find that the magnetic moments, existing at zero bias voltage, remain stable in the wide range of bias voltages near equilibrium. At the same time, at higher bias voltages the destruction of the magnetic moments occurs and proceeds in one or two stages, depending on the parameters of the QQD system. We present results for the current-voltage characteristic and the differential conductance of the system, which exhibit sharp features at the transition points between different magnetic phases. The occurrence of interaction induced NDC phenomena is demonstrated.
The paper is organized as follows. In Sect. II we introduce the model and briefly discuss the non-equilibrium fRG method. In Sects. IIIA,B we present the results of the fRG calculations and analyze the possibility of the local moments formation in the equilibrium and nonequilibrium regimes. In Sect. IIIC we present the J-V characteristics of the QQD system and discuss the appearance of the NDC phenomenon. Finally, in Sect. IV we present conclusions.
II. MODEL AND METHOD
We consider the QQD system as depicted in Fig. 1 . The corresponding model is defined by the following Hamiltonian The second H leads and third H T terms in Eq. (1) describe the noninteracting leads and the tunneling of electrons between the leads and dots, respectively,
(c small hybridization to the leads, or absent otherwise.
By using the Dyson equation and the projection technique the bare Green function of the system in the Keldysh space can be written as
where
with j,σ = j − σH is the Green function of the isolated QQD cluster and
incorporates effects of the coupling between the dots and leads, where
2 ρ lead is an energy independent hybridization strength, where ρ lead represents the local density of states at the last site of the left or right lead (the leads are equivalent), f (ω − µ α ) = θ(µ α − ω) is the Fermi-Dirac distribution function of the lead α with the chemical potential µ α (θ(x) is the Heaviside step function). Throughout this paper we use the notation k(k ) = ±1 for the Keldysh indices k(k ) = ±. Finally, the out of equilibrium regime of the system is set by applying the bias voltage V between the leads and choosing
In order to approximately determine the self-energy Σ, which accounts for the effects of the electron interaction U , and, as the Green function G, is considered to be a matrix (8 × 8 for each spin projection) in the Keldysh-dots space, we use the the functional renormalization group method in the Keldysh formalism [42] [43] [44] . This method yields an infinite hierarchy of differential flow equations for the cutoff-parameter Λ-dependent selfenergy Σ Λ , two-particle and the high-order interaction vertices, which has similar structure to the fRG on the Matsubara frequency axis [41, 42] . In the present study we consider only the flow of the self-energy and neglect the frequency dependence of the self-energy and the flow of the two-particle and higher order vertex functions. It was shown that neglecting frequency dependence of the self-energy allows to describe both, equilibrium [41] and non-equilibrium properties [43, 44] , as well as to access the SFL state [30, 31] . On the other hand, neglecting flow of two-particle and higher order vertices allows us to fulfill exactly charge conservation, which is typically violated in higher order truncations. The above described approximations lead to the closed flow equation for the self-energy Σ Λ , which has the form [43]
is the single-scale propagator and G
introduces the Λ-dependence of G through the reservoir cutoff scheme [47] . By solving the differential equation (8) with the initial condition Σ Λini = 0, where Λ ini is some initial scale, which is chosen to be much greater than all energy scales of the quantum dot system, at the scale Λ = 0 we obtain the energy-independent approximation to the self-energy Σ = Σ Λ→0 . To induce small initial spin splitting, which can be further enhanced by correlation effects during fRG flow (and therefore allows us to obtain local moments), we apply small magnetic field H/max(Γ L,R ) = 0.001. Due to use of truncation (8) of fRG hierarchy at first (self-energy) instead or second order (vertices), the counterterm technique, suggested in previous studies [30, 31] is not necessary, and does not change the obtained results.
III. RESULTS

A. Equilibrium regime (V = 0)
In numerical calculations, we set = 0, Γ L = Γ R = Γ, U/Γ = 2 and use Γ as the energy unit.
Let us discuss first the equilibrium (V = 0) regime, in particular the conditions under which the local magnetic moments are formed. As in previous study of two parallel quantum dots [30, 31] , it is convenient to perform transformation of the electronic states on QD2,3 to the even (e) and odd (o) orbitals, see Appendix A. To analyze the presence of the magnetic moment in the system we calculate the average square of the spin S 2 e/o , corresponding to the even and odd orbitals as well as the average square of the total spin where
is the spin operator and σ is the vector of the Pauli spin matrices. We also consider the average occupation numbers n j,σ = −(i/2π) dωG −+;0 jj;σ (ω), where the Green function of the system G (ω) is considered in an appropriate basis set (even-odd basis in the case of n e/o,σ ) Figure 2 shows the dependence of S 2 e/o on the parameter γ for various values of t. As one can expect, for small t (see, e.g., t = 0.05 case on Fig. 2(a) ) the average S 2 e/o ≈ 3/4, which means that the electron is almost localized on both the odd and even orbitals ( n e/o,↑ n e/o,↓ ≈ 0) due to weak connection of these orbitals with quantum dots 1,4, namely t pq U (p ∈ {1, 4}, q ∈ {e, o}). The corresponding square of the spins on quantum dots QD2 and QD3, S o = 3/4 at γ = 1 due to decrease of the coupling t 4o between the odd orbital and quantum dot QD4 (for our definition of the odd orbital t 4o = 0 for γ = 1 and t 1o = 0 for any γ). In contrast, both hopping parameters t 1e and t 4e , associated with the even orbital, increase with γ, which leads to a smooth decrease of S 2 e . It is important to note that in this and the following cases we find S 2 1(4) close to its free-electron value 3/8, which indicates that there are no local magnetic moments in quantum dots QD1 and QD4.
Increase of the hopping strength t leads to delocalization of the electronic states, which yields a gradual decrease of γ = 0 value of S 2 e/o . For somewhat higher value of t, than considered above (e.g. t = 0.25, see for γ → 0, S 2 e/o ≈ 0.67, which indicates that the significant magnetic moments are also present in the even and odd orbitals, but in contrast to the previous case (t = 0.05), the obtained value of S 2 e/o is lower than the corresponding one for the regime of the local magnetic moment. In addition, from Fig. 2(b) it is seen that the decrease of S 2 e with increasing γ becomes more pronounced for larger t.
Starting with some sufficiently large value of t, we find that S 2 e/o → 3/8 for γ → 0 (see Fig. 2c for example), which means that there are no magnetic local moments present in the even/odd states. At the same time, as shown in Fig. 2 , with increase of γ from γ = 0 to γ = 1, S 2 o increases from 3/8 to the value 3/4, showing presence of the local magnetic moment in the odd state at γ 0.6. This corresponds to the so called singular Fermi liquid state [13, 30, 31] and explained by the fact that, regardless of the choice of t, the odd state is almost disconnected from the leads at γ → 1 (in particular, hopping matrix element t 4o associated with the odd states, decreases to zero) and hence, the local magnetic moment on the odd orbital is always well-defined when γ → 1. At the same time, S 2 e ≈ 3/8 remains almost unchanged with the variation of γ, since this orbital remains strongly coupled to the quantum dots QD1 and QD4 , which, in turn, have a direct hybridization with the leads, cf. Ref. [31] . Thus, in contrast to the cases considered above, in this case only the odd orbital is responsible for the appearance of a local magnetic moment in the system. The dependence S 2 on γ is shown in Fig. 3 . It is clear from Fig. 3 that for small t the average S 2 decreases with γ; its variation increases with increasing t. Taking into account values of magnetic moments S ∆ monotonically decreases with increasing γ and t. On the other hand, at larger t the value of S 2 is increasing with γ. Furthermore, in this case ∆(γ) < 0 for all γ and hence negative (antiferromagnetic) correlations between the quantum dots predominate over positive (ferromagnetic) ones (∆ monotonically increases from ∆ ≈ −0.61 at γ = 0 to ∆ ≈ −0.24 at γ = 1). Figure 4 shows the linear-response ( on the parameter γ (see Fig. 2) , showing a poorly (well) pronounced increase with γ for t = 0.05 (t = 0.25) and strong non-linear increase for t = 0.5. In particular, in the case of t = 0.5 it is clearly seen that the value of γ corresponding to the sharp increase of the conductance coincides with the occurrence of the magnetic moment in the "odd" orbital. Let us consider the impact of non-equilibrium conditions with a finite bias voltage V applied on the local magnetic moments. We focus on the quantum dot systems with the following hopping parameters (t, γ) ∈ {(0.05, 0.9) , (0.5, 0.9) , (0.5, 0.1)}, which in the equilibrium case V = 0 correspond to three different physical situations, discussed in previous subsection: an almost local magnetic moment in both even and odd states (or, equivalently, on the quantum dots QD2 and QD3), the moment in the odd state (i.e. distributed between the QD2 and QD3 quantum dots), and to the absence of a local magnetic moment in the system, respectively.
The bias voltage V dependences of the average square of the spin S 2 e/o in the even and odd orbitals for the first case (t, γ) = (0.05, 0.9) are shown in Fig. 5a . One can see that increasing bias voltage suppresses the equilibrium value of S 2 e/o , leading to a double-step behavior, which is related to the strong non-linear change of the renormalized system parameters with the bias voltage. In Fig. 6 we plot the renormalized energy levels of the even/odd orbitals e/o,σ and hopping parameters t σ eo (the other system parameters are not renormalized) as a function of V . We can see that at not too large V < 0.5Γ the increase of the bias voltage does not lead to a significant change of the renormalized parameters relative to their equilibrium (V = 0) values and t σ eo is pinned to zero as shown in the lower panel of Fig. 6 . Therefore, all non-zero hopping parameters are proportional to t and small because of the initial choice of t (t/Γ = 0.05). In this case, the energy levels of the isolated quantum dot system (eigenvalues of the effective non-interacting Hamiltonian) E j,σ (j = 1, 4) can be roughly estimated as a set of one-particle energy levels {E j,σ } ≈ { j,σ }. This approximation and the observation that within the considered bias voltages range e/o,↑ < µ R = −V /2 and e/o,↓ > µ L = V /2 (see Fig. 6 ) allows us to conclude that n e/o,↑ ≈ 1 and n e/o,↓ ≈ 0 for these values of V , which reflects formation of local magnetic moment with the spin, aligned along infinitesimally small magnetic field.
With further increase of the bias voltage the renormal- ized energy levels e/o,σ corresponding to different spin projections approach each other (see Fig. 6 ), and, therefore, the spin splitting decreases with V . It is important that the spin splitting does not collapse completely even for sufficiently large values of the bias voltage. In Fig. 6 we observe the region of the intermediate voltages 0.5 V /Γ 2.1 for which the splitting of the energy levels is still significant. In contrast to the above considered case, the bias voltages in this range lead to the appearance of a nonzero hopping amplitude between the even and odd orbitals t σ eo t, which increases monotonically with increasing bias voltage, does not depend on the spin orientation and provides additional hybridization of the even/odd states due to the appearance of new possible paths between these states and the leads. The combined effect of sharp increase of this amplitude and decrease of of the energy levels splitting, results in an abrupt drop of S 2 e/o as seen in Fig. 5a . The values of the square of the moment S 2 e/o in the range 0.5 V /Γ 2.1 is different from the non-interacting value 3/8 due to correlations. This intermediate state can be considered as obeying fractional quasi-local magnetic moment in even and odd orbitals, which appearance is possible entirely due to considered non-equilibrium conditions. In the regime of high bias voltage V 2.1Γ the even/odd spinup and -down states are only slightly split and t σ eo practically does not change with increasing V (see Fig. 6a ). Such a small splitting in the spin space results in the absence of the magnetic moments in the system and we find S confirms the results, obtained above (see Figs. 7a and  8a ). In the range V Γ/2 for the quantum dots QD1 and QD4 we find n 1(4),σ ≈ 0.5 (the corresponding bias voltage dependencies are not presented here). Consequently, we have n ↑ ≈ 3 and n ↓ ≈ 1 for the total occupation number of the states spin σ projection n σ = j n j,σ ( n 2,σ + n 3,σ = n e,σ + n o,σ ), and therefore, n ↑ − n ↓ ≈ 2 for these bias voltages (note, that we consider only the half-filling case = 0 and H → 0, which implies that n = n ↑ + n ↓ = 4). Thus, one can conclude that at bias voltages V Γ/2 the values of the occupation numbers and spin-spin correlation functions almost coincide with the equilibrium ones. For larger V the obtained occupation numbers n e/o,↑ ( n e/o,↓ ) are less (greater) than those for the case of V Γ/2 (see Fig. 7a ). However, the difference between the occupation numbers of spin-up and spin-down states still remains significant in the range 0.5 V /Γ 2.1. As can be seen from the Fig. 7a , in case V 2.1Γ we have n e/o,↑ ≈ n e/o,↓ ≈ 0.5.
Let us now consider the case (t, γ) = (0.5, 0.9), when the hopping matrix elements t ij are an order of magnitude larger than in the previous case, but have the same ratio between them. In this case the renormalized energy levels e/o,σ (see Fig. 9 ) behave near the equilibrium quite analogously to the above considered case (t, γ) = (0.05, 0.9), but despite the presence of the large splitting between the spin-up and spin-down states of the even and odd orbitals the appearance of local magnetic moment takes place only on the odd orbital, which is clearly seen from the bias voltage dependence of S Fig. 5b ), such that the magnetic moment is absent for V Γ/3. As for the above considered case of small t, we have n o,↑(↓) ≈ 1(0) in the regime with the magnetic moment (V Γ/3) and n o,↑/↓ ≈ 0.5 for larger V . At the same time, we find that n e,σ ≈ 0.5 for all values of V . As a result, the local moment regime is characterized by a difference in the total occupation numbers for the spin-up and spin-down states approximately equal one ( n ↑ ≈ 2.5 and n ↓ ≈ 1.5, see Fig. 8b ). It is worth noting that small difference between the occupation numbers n e,↑ and n e,↓ for V Γ/3 (see Fig. 7b ) is likely due to the overestimation of the spin splitting of the energy levels of the even orbital in the fRG scheme, which does not take into account the renormalization of the nondiagonal self-energy elements in the considered order of truncation. This small splitting is not expected to affect the obtained results regarding presence of local magnetic moment at finite V .
Finally, we consider the case (t, γ) = (0.5, 0.1) in which the quantum dot system has a strong hopping asymmetry and both the even and odd orbitals are coupled to the quantum dots QD1 and QD4 by almost comparable hopping parameters: t 1e ≈ t 4o ≈ 0.5, t 1o = 0 and t 4e ≈ 0.1. In this case we do not find any splitting between spin-up and spin-down energy states of the even/odd orbital (see Fig. 10 ) and, as a consequence, S 2 e/o ≈ 3/8 for an arbitrary bias voltage, as can be seen in Fig. 5c . In addition, we find a strong renormalization of the energy levels, in particular e,σ ( o,σ ) ∝ µ L (µ R ) within a wide range of bias voltage near V = 0 and slowly decreases(increases) with further increase of bias voltage. Note that, t σ eo shows linear behavior for bias voltages V 3Γ and becomes almost constant at higher bias voltages (see the lower panel of Fig. 10 ). This behavior of the renormalized parameters leads to the possibility of a significant deviation of the occupations numbers n e/o,σ (see Fig. 7c ) from their equilibrium values n e/o,σ V →0 ≈ 0.5, while the occupation numbers n ↑,↓ ≈ 2 are only slightly different from each other (see Fig. 8c ). In the limit of large bias voltages V Γ the occupation numbers converge to n e,σ = 1 and n o,σ = 0 in contrast to the previous cases, where n e/o,σ ≈ 0.5 for V Γ. This behavior originates from the fact that in the considering case the coupling between the even (odd) orbital and the left (right) lead is much stronger than the corresponding coupling with the right (left) lead, which makes the filling of the even (odd) orbital energetically (un)favorable for V Γ. Similar conclusions can be made concerning the fillings at the individual quantum dots, and, as expected from the above qualitative discussion, for V Γ we find n 1(2),σ ≈ 1, while n 3(4),σ ≈ 0.
The spin-spin correlation functions S i S j corresponding to the above-considered regimes of the system are shown in Figs. 11a-11c . One can see that the formation of the magnetic moment in the system is accompanied by the appearance of ferromagnetic correlation between spins on the quantum dots QD2 and QD3, S 2 S 3 > 0, which becomes stronger with increasing the value of the magnetic moment. For the regimes without magnetic moment we find S 2 S 3 ≈ 0. Thus, in the cases (t, γ) = (0.05, 0.9) and (t, γ) = (0.5, 0.9), S 2 S 3 shows step-like behavior as a function of bias voltage. The spin-spin correlation functions S 1 S 2 = S 3 S 4 and S 1 S 3 = S 2 S 4 are always negative (antiferromagnetic) and are proportional in magnitude to the hopping amplitudes between the corresponding quantum dots, i.e, | S i S j | ∼ t ij . We also note that for all three considered cases the spin-spin correlation between the quantum dots QD1 and QD4 is almost absent, S 1 S 4 ≈ 0.
C. Current J
In this section, we present results for the J − V characteristics and the bias voltage dependence of the differential conductance G = e(dJ/dV ) for the cases considered in the previous section. The current with spin σ through the lead α is written as [51] 
where G a = G −−;0 −G +−;0 is the advanced Green function in the end of fRG flow. Using the explicit form of the propagator G given by Eq. (5) we can reduce the above expression to a more convenient form The total current J can be calculated as
Note that |J R σ | = J L σ due to the conservation of the current. The dependences of the corresponding currents J on the bias voltage V are shown in Fig. 12 . In the equilibrium limit V → 0 the current vanishes and the results for the differential conductance coincide with the ones obtained from the equilibrium Matsubara functional renormalization group method within the Landauer formalism. In the opposite limit of large bias voltage V Γ, the current saturates and we find that G → 0 for all regimes of interest.
As one can see from Fig. 12a in the case of (t, γ) = (0.05, 0.9), the J − V curve shows staircase-like structure with two sharp steps, which take place at the same bias voltages, at which S 2 e/o show step-like behavior in Fig. 5a . As a result, the differential conductance G (see Fig. 13 ) exhibits two narrow peaks located near V ≈ 0.5Γ and V ≈ 2.1Γ; the first conductance peak almost reaches the unitary limit of the conductance G = 2e 2 /h. For bias voltages outside the regions of conductance peaks, we find G ≈ 0. It is also important to note that the J − V characteristic contains regions in which the current decreases with the increase of bias voltage, leading to the negative differential conductance (NDC). As will be shown below, the appearance of NDC is associated with a strong dependence of the renormalized system parameters on the bias voltage, which is in turn induced by the electron-electron interaction.
For (t, γ) = (0.5, 0.9), the current shows a small amplitude abrupt jump (not distinguishable in Fig. 12b) , which is located, as in the above case, at the transition between the different magnetic regimes and results in the asymmetric resonance peak of the differential conductance for V ≈ Γ/3. It is interesting to note that the conductance reaches its maximum value in the vicinity of the resonance. Overall in this case, the conductance/current takes significantly higher values compared with those of (t, γ) = (0.05, 0.9). This holds for U = 0 and is related to the large coupling strength between quantum dots. In addition, the conductance becomes negative in two regions of bias voltage: the narrow region near the conductance dip and the semi-infinite one for higher voltages.
Finally, in the case of (t, γ) = (0.5, 0.1), where the magnetic moment is absent for any value of V , the current does not show any abrupt behavior and changes smoothly with bias voltage, as shown in Fig. 12c . However, the J − V characteristic is strongly non-linear, which is the result of the non-linear behavior of the renormalized system parameters. The NDC effect is also present in this case.
As it is evident from the above results, each sharp jump in the current indicates a transition between the regimes with different magnetic moment values and associated with the abrupt change of the renormalized system parameters at the transition point. At the same time, a negative differential conductance appears even in the regime without local magnetic moments, as we have shown for (t, γ) = (0.5, 0.1) case. In order to get insight into the origin of the NDC behavior, consider the explicit expression for the conductance
is the Landauer-like contribution, which for V → 0 reduces to the standard Landauer result (see Appendix B), and
with (16) The contribution G II represents essentially nonequilibrium part of the conductance (which vanishes in the limit V → 0), corresponding to passing the current through each of the quantum dots p and, as shown below it is responsible for the NDC phenomenon.
As an example, let us analyze the magnitude and sign of the contributions G I σ and G II σ to the differential conductance G σ for the case (t, γ) = (0.5, 0.1) and σ =↑ (for σ =↓ we obtain the same results). Note that the conductance G ↑ reproduces all the features of the total conductance G (see Fig. 14c ). The term G I ↑ is positive for any bias voltage V (see Appendix B), and thus does not contribute to the NDC effect. The sign of G II σ is determined by the sign of the product K p,σ (d p,σ /dV ). As shown in Fig. 14a, d p,↑ /dV can be positive definite (p = 1), negative definite (p = 4) or even change sign (p = 2, 3). Moreover, we find that the coefficients K p,↑ are also not sign-definite (see Fig. 14b ). It is important to note that d 2(3),↑ /dV > d 1(4),↑ /dV and |K 2(3),↑ | |K 1(4),↑ | in a wide region of intermediate values of V , which means that terms, corresponding to the contribution of the quantum dots p = 2, 3 give the main contribution to G II ↑ . This is supported by the bias voltage dependence of the functions Fig. 14c . As we can see, D 2(3),↑ is negative definite (almost everywhere) and have a much greater impact on the conductance, while D 1(4),↑ is predominantly negative and small in magnitude for all bias voltages. As a result, we find that G II ↑ is always negative for arbitrary value of V and is comparable in magnitude with G I ↑ (see Fig. 14c ), leading to the strong suppression or even change of sign of the Landauer-type G I ↑ contribution to the differential conductance G ↑ . This eventually leads to the appearance of the NDC effect when the nonequilibrium part dominates,
IV. CONCLUSIONS
In summary, we have discussed the possibility of the formation of the magnetic moments and the nonequilibrium electron transport in the QQD system coupled to two leads within the non-equilibrium functional renormalization group approach. Our calculations have shown that, depending on the inter-dot coupling (hopping) configuration and bias voltage V , different magnetic regimes can be realized in the QQD system.
We have first explored the formation of the magnetic moments in equilibrium (V = 0) case. The present analysis shows that there are three different magnetic regimes can be achieved in the QQD system by tuning the interdot hopping parameters: with two, one or no magnetic moments. As for the parallel double quantum dot system, this difference can be understood on the basis of the "even-odd" states. The first case (two magnetic moments) corresponds to the situation, where all inter-dot hopping parameters are small compared to the other parameters of the system. We have found that the realization of the second and third cases depends on the interdot coupling of the "odd" states: well-defined magnetic moment occurs when the coupling of the odd states is sufficiently small.
Then we have considered the influence of the nonequilibrium conditions, appearing because of finite bias voltage, on the above listed magnetic states of the QQD system. We have found magnetic moments (if exist) remain stable in the wide range of voltages near V = 0. At the same time, for higher bias voltages the destruction of the magnetic state occurs and proceeds in one (two) stage(s) for the QQD systems which coupling configuration allows the formation of the one (two) local moment regime. For the two-stage process the intermediate state possesses fractional magnetic moment.
The current-voltage characteristics and the differential conductances of the system exhibit sharp features at the transition points between different magnetic phases and show negative differential conductance (NDC) behavior.
The presented study can help to interpret/achieve new results in experimental realizations of QQD systems, as well as to be the guide for studying larger quantum dot and other and nanoscopic systems, which include closed path (ring) geometries.
where h = (1 + η 2 ) −1/2 and we set t 12 = t 34 = t, t 13 = t 24 = γt, where the parameter γ varies from zero to unity.
We define "odd" orbitals, where the (local) magnetic moment behavior is most pronounced, by choosing the parameter η (appearing in Eq. (A1) and has been arbitrary up to this moment) from the condition of the minimum of the coupling strength between the odd orbitals and the quantum dots QD1 and QD4, which is equivalent to finding the minimum of F (η) = |t 1o |+|t 4o |. This function has a minimum value of F = (1−γ 2 )(1+γ 2 ) −1/2 t for two values of η, which are η 1 = γ and η 2 = γ −1 . It is easy to see that both values of η correspond to the same physical situation, and we set η = γ in the following discussion. Thus, we obtain t 1e = (1 + γ 2 ) 1/2 t, t 4e = 2γ(1 + γ 2 ) −1/2 t, t 1o = 0 and t 4o = (1 − γ 2 )(1 + γ 2 ) −1/2 t for the corresponding hopping amplitudes between QD1/QD4 and the even/odd orbitals. Figure 15 displays the ratio t pq /t (p ∈ 1, 4, q ∈ e, o) as a function of the "asymmetry parameter" γ. For γ = 0, we have t 1e = t 4o = t and t 4e = t 1o = 0. This result is expected since, in this case, the system splits into the two subsystems, which are not connected to each other and the bases coincide: d e,σ ≡ d 2,σ , d o,σ ≡ d 3,σ . One can see that with increasing symmetry of the quantum dot system (increasing of the parameter γ), hopping parameters associated with the even-parity states (t 1e , t 4e ) increase. In contrast, the parameter t 4o decreases with γ (note, that t 1o = 0). The latter means that the odd-parity orbitals, which are chosen to be the orbitals with the minimal couplings to the others ones and indicate or are responsible for the formation of the magnetic moment in the system, are better and better defined as the symmetry of the hopping parameters between the quantum dots increases. When the system is completely symmetric (γ = 1), i.e t ij = t, we obtain t 1e = t 4e = √ 2t and t 1o = t 4o = 0, consequently, the odd states are completely disconnected from the rest of the system.
On the next step we take into account the on-site electron-electron interaction U through the self-energy obtained from integration of the fRG flow equation (8) .
It is important to note that from the explicit form of Eq. (8) and the fact that the self-energy Σ is frequency independent (and also real) it follows that the Coulomb interaction U does not change the hopping amplitudes t ij , (i = j; i, j ∈ {1...4}), and hence t pq , (p ∈ {1, 4}, q ∈ {e, o}) at our approximation level. Therefore, in the fRG scheme with the flow of the self-energy only, the initial quantum dot system can be considered as the noninteracting one, where energy levels are replaced by renormalized ones: j → j,σ = j + Σ −−;Λ→0 jj;σ . In the even-odd basis, the parameter t eo is the only hopping term, which can be renormalized by the interaction: t eo → t σ eo = h 2 [η ( 2,σ − 3,σ )]. Note, that if we take into account of the flow of higher-order vertices (for example, the flow of the two-particle vertex) the situation described above changes, in particular, new hopping matrix elements will be generated. However, we believe that these processes do not significantly influence on the behavior of a local magnetic moment.
one can write the Green function G +− as
where G 
Therefore, Eq. (B5) reduces to
where we have exploited the fact that in our approach Σ +− = 0. Then, using the expression for Σ 
